Fuzzy ideal set and fuzzy local function of fuzzy ideals with fuzzy topologies were introduced and studied by D. Sarker [10] . The purpose of this paper deals with new sort of fuzzy ideal and fuzzy local function namely fuzzy ideal and r-fuzzy open local function. Many of its characterizations, properties and connections between it and other corresponding fuzzy notions are studied. Also, we introduce r-fuzzy idealcompact, r-fuzzy ideal quasi H-closed and r-fuzzy compact modulo an fuzzy ideal in fuzzy ideal topological space in view of the definition of Sostak, and study some of their properties. Also, we investigate the behavior of r-fuzzy ideal-compact under several types of F -continuous mappings. In the last section, we define r-fuzzy I-open, r-fuzzy I-closed and F I-continuous. Also, we investigate some of their properties and the relationships between F -continuous and F I-continuous maps. Saber and M.A. Abdel-Sattar 
Introduction and preliminaries
The concept of fuzzy topology was first defined in 1968 by Chang [9] and later redefined in a somewhat different way by Lowen [17] and by Hutton and Reilly [8] . According toŜostak's [6] , in all these definitions, a fuzzy topology is a crisp subfamily of fuzzy sets and fuzziness in the concept of openness of a fuzzy set has not been considered, which seems to be a drawback in the process of fuzzification of the concept of topological spaces. ThereforeŜostak's introduced a new definition of fuzzy topology in 1985 [6] . Later on, he developed the theory of fuzzy topological spaces in [7] . After that several authors [4, 5, 13, 14, 15] have introduced the smooth definition and studied smooth fuzzy topological spaces being unaware ofŜostak's works. In fuzzy topology, by introducing the notion of ideal [10] , and several other authors [1, 11] carried out such analysis. The aim of this paper is to introduce and study the notion of fuzzy ideal and r-fuzzy open local function and new spaces namely fuzzy ideal topological spaces. Many of its characterizations. Further,the concept r-fuzzy ideal-compact, r-fuzzy quasi H-closed, r-fuzzy compact modulo an fuzzy ideal, r-fuzzy I-open, r-fuzzy I-closed and F I-continuous mapping are introduced and studied.
Throughout this paper, let X be a nonempty set I = [0, 1] and I 0 = (0, 1]. For α ∈ I, α(x) = α for all x ∈ X. The family of all fuzzy sets on X denoted by I X . For two fuzzy sets we write λqμ to mean that λ is quasi-coincident (q-coincident, for short) with μ, i.e, there exists at least one point x ∈ X such that λ(x) + μ(x) > 1. Negation of such a statement is denoted as λqμ. Definition 1.1. [6] A fuzzy topological space is an ordered pair (X, τ ), where τ : I X → I is a mapping satisfying the following axioms: (O1) τ (0) = τ (1) = 1, (O2) τ (A ∧ B) ≥ τ (A) ∧ τ (B), for any A, B ∈ I X . (O3) τ ( i∈Γ A i ) ≥ i∈Γ τ (A i ), for any {A i } i∈Γ ∈ I X . The pair (X, τ ) is called a fuzzy topological space (fts, for short). Theorem 1.2. [13] Let (X, τ ) be a fts. Then for each r ∈ I 0 , A ∈ I X , we define the operator C τ : I X × I 0 → I X as follows:
For each A, B ∈ I X and r, s ∈ I 0 , the operator C τ satisfies the following conditions:
(C1) C τ (0, r) = 0. Definition 1.6. [16] Let (X, τ ) be a fts, for each A ∈ I X , x t ∈ P t (X) and
Definition 1.7.[20]
Let 0 ∈ Θ be a subset of I X . A mapping β : Θ → I is called a fuzzy base on X if it satisfies the following conditions:
(
Definition 1.8. [18] Let (X, τ ) be a fts and r ∈ I 0 . Then X is called r-fuzzy compact (resp. r-fuzzy almost compact) iff for each family {A i ∈ I X |τ (A i ) ≥ r, i ∈ Γ} such that i∈Γ A i = 1, there exists finite index set Γ 0 ⊂ Γ such that i∈Γ 0 If I 1 and I 2 are fuzzy ideals on X, we say that I 1 is finer than I 2 (I 2 is coarser than I 1 ), denoted by
X . The triple (X, τ , I) is called fuzzy ideal topological space (fits, for short). For α ∈ I 0 , (X, τ α , I α ) is fits in the sense of Sarkar.
Definition 2.2. Let (X, τ , I) be a fits and A ∈ I
X . Then the r-fuzzy open local function A r (τ , I) of A is the union of all fuzzy points x t such that if B ∈ Q(x t , r) and I(C) ≥ r then there is at least one y ∈ X for which B(y) +
A(y) − 1 > C(y).
In the other words, we say that a fuzzy set A is r-fuzzy open locally in I at x t if there exists B ∈ Q(x t , r) such that for every y ∈ X, B(y)+A(y)−1 ≤ C(y), for some I(C) ≥ r. A r (τ, I) is the set of fuzzy points at which A does not have the property r-fuzzy open locally.
We will occasionally write A r or A r (I) for A r (τ, I) and it will cause no ambiguity. Example 2.3. Let (X, τ , I) be a fits. The simplest fuzzy ideal on X is I 0 : I X → I where
If we take I = I 0 , for each A ∈ I X we have A r = C τ (A, r).
Theorem 2.4. Let (X, τ ) be a fts and I 1 , I 2 be two fuzzy ideals of X. Then for each r ∈ I 0 and A, B ∈ I X .
Proof. (1) Suppose there exist A ∈ I
X and r ∈ I 0 such that A r ≤ B r , there exist x ∈ X and t ∈ I 0 such that
Since B r (x) < t, there exists D ∈ Q(x t , r) with I(C) ≥ r such that for every y ∈ X, we have,
D(y) + B(y) − 1 ≤ C(y).

Since A ≤ B, D(y)+A(y)−1 ≤ C(y).
So, A r (x) < t, and this is a contradiction for equation (2.1). Thus, A r ≤ B r .
(2) Suppose that, A r (I 1 , τ) A r (I 2 , τ ), then there exist x ∈ X and t ∈ I 0 such that
, then there exist x ∈ X and t ∈ I 0 such that
So there is at least one y ∈ X for each D ∈ Q(x t , r) and
, then there exist x ∈ X and t ∈ I 0 such that 
. This is also true for B. So there is at least one x ∈ X such that B(x ) + A(x ) − 1 > C(x ). Since B is an arbitrary and B ∈ Q(x t , r), then, A r (x) > t. It is a contradiction for equation (2.4) . Thus A r ≥ C τ (A r , r).
(2.5)
such that for every y ∈ X and for some I(C 1 ) ≥ r we have,
Similarly there exists D 2 ∈ Q(x t , r) such that for every y ∈ X and for some I(C 2 ) ≥ r we have,
, (7) and (8) 
, if B = 0.7, 0, otherwise, Theorem 2.6. Let (X, τ , I) be a fits, and
Remark 2.7. For each (X, τ , I) and A ∈ I X , we can defines
Clearly, Cl is a fuzzy closure operator and τ (I) is the fuzzy topology generated by Cl * . i.e.,
Proof. (1) and (2) Follows directly from definition Cl , int and C τ .
(3) Since
Theorem 2.9. Let (X, τ 1 , I) and (X, τ 2 , I) be fits's and
), then there exist x ∈ X and t ∈ I 0 such that
Theorem 2.10. Let (X, τ , I 1 ) and (X, τ , I 2 ) be fits's and
Proof. Obvious. 2
Theorem 2.11. Define the mapping β : Θ → I on X by
The β is base for the fuzzy topology τ .
Hence,
It is a contradiction for equation (2.7). Thus
Theorem 2.12. Let (X, τ ) be a fts and I 1 , I 2 be two fuzzy ideals on X. Then, for any A ∈ I X and r
, there exist x ∈ X and t ∈ I 0 such that
(2.8)
τ) < t, and this is a contradiction for equation (2.8). So that
, such that for every y ∈ X, and for some (
Therefore, by heredity of fuzzy ideals and τ ≤ τ we can find
). An important result follows from the above theorem that τ (I) and [τ (I)] (I) (in short τ ) are equal for any fuzzy ideal on X.
2 Corollary 2.13. Let (X, τ , I) be a fits. For any A ∈ I X and r ∈ I 0 . Then A r (I) = A r (I, τ ) and τ (I) = τ .
Proof.
Putting I 1 = I 2 in Theorem 2.12(2), we have required result. 2 Corollary 2.14. Let (X, τ ) be a fts and I 1 , I 2 be two fuzzy ideals on X. Then,
Proof. proof is easily by using Theorem 2.12(2). 
Definition 2.16. Let {B j : j ∈ J} be a indexed family of fuzzy set of X such that B j qA for each j ∈ J where A ∈ I X . Then {B j : j ∈ J} is said to be a r-fuzzy quasi-cover of A iff A(y)
Further, let (X, τ ) be a fts, for each τ (B j ) ≥ r. Then this r-fuzzy quasicover will be called fuzzy quasi open-cover of A. Theorem 2.17. Let (X, τ ) be a fts with fuzzy ideal I on X. Then the following conditions are equivalent.
(1) τ ∼ I.
(2) If for every A ∈ I X has a r-fuzzy quasi open-cover of {B j : j ∈ J} such that for each j, A(y) + B j (y) − 1 ≤ C(y), for every y ∈ X and for some
Proof. We prove most of the equivalent conditions which ultimately prove all the equivalence.
, for every y ∈ X and for some I(C) ≥ r. Therefore, as {B j : j ∈ J} is a r-fuzzy quasi open-cover of A, for each x t ∈ A, there exist at least one B j• such that x t qB j• and for every y ∈ X, 
Then, for each V ∈ Q τ (x t , r) and for each I(C) ≥ r there is at least one y ∈ X such that V(y) + A(y) − 1 > C(y) Since A ≤ A, then So for each V ∈ Q τ (x t , r) and for each I(C) ≥ r there is at least one y ∈ X such that V(y) + A(y) − 1 > C. This implies x t ∈ A r . But as t < t, x t ∈ A implies x t ∈ A, and therefore, x t ∈ A r . This is a contradiction. Hence, A r = 0, so that x t ∈ A implies x t ∈ A r with A r = 0. Thus, A ∧ A * r = 0, for every A ∈ I X . Hence, by (3), I( A) ≥ r. , I ) be a fits and r ∈ I 0 . Then (1) X is called r-F I-compact (resp, r-fuzzy ideal quasi H-closed (for short, r-F IQHC)) iff for every family {A i ∈ I X |τ (A i ) ≥ r, i ∈ Γ} such that i∈Γ A i = 1, there exists a finite index set Γ 0 ⊂ Γ such that
(2) X is called r-fuzzy compact modulo an fuzzy ideal space (r-fuzzy C(I)-compact, for short) if for every τ (1 −A) ≥ r and each family 
(3) For every family {A i ∈ I X |τ (A i ) ≥ r, i ∈ Γ} such that i∈Γ A i = 1. By r-F I compactness of (X, τ , I), there exists a finite index set Γ 0 ⊂ Γ such that (1) (X, τ , I) is r-F I-compact. 
(2)⇒(1): Let {A i ∈ I X |τ (A i ) ≥ r, i ∈ Γ} be a family such that i∈Γ A i = 1. Then, i∈Γ (1 − A i ) = 0, by (2), there exists a finite subset Γ 0 ⊂ Γ such that
Notes. If I = I 0 , then r-fuzzy compact and r-F I-compact are equivalent.
Theorem 3.4. Let (X, τ , I) be r-F IQHC and r-fuzzy regular. Then (X, τ , I)
is r-F I-compact.
Proof. For every collection
By r-fuzzy regularity of X, for each τ (A i ) ≥ r,
Hence i∈Γ ( i k ∈K i A i k ) = 1. Since (X, τ , I) is r-F IQHC, there exists a finite index set J × K J such that
For each j ∈ J, since
It implies that
Definition 3.5. A family {A i } i∈Γ in X has the finite intersection property (I-FIP) iff the intersection of no finite subfamily Γ 0 ⊂ Γ such that I( i∈Γ 0 A i ) ≥ r.
Theorem 3.6. A fits (X, τ , I) is r-F I-compact iff every collection
∈ Γ} having the finite intersection property I-FIP has a non-empty intersection.
Proof. It is trivial. 2
Theorem 3.7. Let (X, τ , I) be a fits and A is r-F I-compact. Then for every collection
By r-F I-compactness of A, there exists a finite Γ 0 ⊂ Γ such that 
Theorem 3.12. Let (X, τ , I) be a fits and r ∈ I 0 . Then the following are equivalent.
(4) For every collection {A i ∈ I X |A i is r-FRO sets, i ∈ Γ} such that i∈Γ A i = 1, there exists a finite subset Γ 0 ⊂ Γ such that
(5) For every collection {A i ∈ I X |A i is r-FRC sets, i ∈ Γ} such that (1 − A i , r) ) ≥ r. Since
(2)⇒(1). Let {A i ∈ I X |τ (A i ) ≥ r, i ∈ Γ} such that i∈Γ A i = 1. Then i∈Γ 1 − A i = 0 and by (2), there exists a finite subset Γ 0 ⊂ Γ such that
Hence (X, τ , I) is r-F IQHC.
(1)⇒(3): For every collection
(3)⇒(1): For every family {A i ∈ I X |τ (A i ) ≥ r, i ∈ Γ} such that i∈Γ A i = 1 with the property that for no finite index set Γ 0 ⊂ Γ such that
(1)⇒(4): Let {A i ∈ I X , i ∈ Γ} be a family of r-FRO sets with i∈Γ A i = 1. Then, i∈Γ int τ (C τ (A i , r) , r) = 1. Since τ (int τ (C τ (A i , r) , r)) ≥ r and (X, τ , I) is r-F IQHC, then there exists a finite index set Γ 0 ⊂ Γ such that
X |A i , i ∈ Γ} be a family of r-FRC sets such that i∈Γ A i = 0. Then, i∈Γ (1 − A i ) = 1 and {1 − A i ∈ I X , i ∈ Γ} is a family of r-FRO sets. By (4), there exists a finite subset Γ 0 ⊂ Γ such that I(1 − i∈Γ 0 C τ (1 − A i , r) ) ≥ r. Thus, I( i∈Γ 0 int τ (A i , r) ) ≥ r.
∈ Γ} be a family with i∈Γ A i = 1. Then, i∈Γ int τ (C τ (A i , r) , r) = 1. Thus, i∈Γ (C τ (int τ (1 − A i , r) , r)) = 0 and C τ (int τ (1 − A i , r) , r) is r-FRC. For the hypothesis, there exists C τ (A i , r) , r), r) and hence
Hence, I(1 − i∈Γ 0 (C τ (A i , r) ) ≥ r and (X, τ , I) is r-F IQHC.
(6)⇔(4) is similarly to (3)⇔(1). 2
Lemma 3.13. Let (X, τ , I) be a fits and r ∈ I 0 . Then the following are equivalent.
r), i ∈ Γ} with
i∈Γ A i = 1, there exists a finite index set Γ 0 ⊂ Γ such that
Proof. Obvious. 2
Theorem 3.14. Let (X, τ , I) be a fits and r ∈ I 0 . Then the following are equivalent.
(1) (X, τ , I) is r-fuzzy C(I)-compact.
(2) For any collection {B i ∈ I X |τ (1−B i ) ≥ r, i ∈ Γ} and every τ (1−A) ≥ r with i∈Γ B i qA, there exists a finite subset Γ 0 ⊂ Γ such that (4) For every collection {B i ∈ I X ∈ I X |B i is r-FRO, i ∈ Γ} and every
(5) For every collection {B i ∈ I X |B i is r-FRC, i ∈ Γ} and for every τ (1 − A) ≥ r such that i∈Γ B i qA, there exists a finite subset Γ 0 ⊂ Γ such that I( i∈Γ 0 (int τ (B i , r) ∧ A) ≥ r.
(6) i∈Γ B i qA holds every collection {B i ∈ I X |B i is r-FRC sets, i ∈ Γ} and every τ (1 − A) ≥ r such that {int τ (B i , r) ∧ A, i ∈ Γ} has the I−FIP. 
(1)⇒(4): Let {B i ∈ I X , i ∈ Γ} be a family of r-FRO sets and every 
Proof. Let {B i ∈ I
Y |η(B i ) ≥ r, i ∈ Γ} be a family with i∈Γ B i = 1. , r) ).
By r-F I 1 -compactness of (X, τ , I 1 ), there exists a finite subset Γ 0 ⊂ Γ with
Proof. Let η(1 −A) ≥ r and each family {B
By r-fuzzy C(I 1 )-compactness of (X, τ , I 1 ), there exists a finite subset Γ 0 ⊂ Γ with 
, r) and since for i ∈ Γ,
By almost continuity of f, we have
By r-F I 1 -compactness of A in (X, τ , I 1 ), there exists a finite subset Γ 0 ⊂ Γ with
By surjectively of f , , if B ∈ {0.7, 0.5}, 0, otherwise.
